Abstract. Let R 1 be a commutative ring, let R 2 be a finitely generated extension ring of R 1 , and let S be a ring that is intermediate between R 1 and R 2 . For R 1 = R[x] and R 2 = R[x, y], there are simple combinatorial constructions of intermediate rings that are not finitely generated over R [x].
Let R 1 and R 2 be commutative rings with R 1 ⊆ R 2 . The ring R 2 is finitely generated as a ring over R 1 if there is a finite subset X of R 2 such that every element of R 2 can be represented as a linear combination of monomials in X with coefficients in R 1 . The ring R 2 is finitely generated as a module over R 1 if there is a finite subset X of R 2 such that every element of R 2 can be represented as a linear combination of elements of X with coefficients in R 1 .
Let R 2 be finitely generated as a ring over R 1 . By Hilbert's basis theorem, if R 1 is Noetherian, then R 2 is also Noetherian. Let S be a ring that is intermediate between R 1 and R 2 , that is, R 1 ⊆ S ⊆ R 2 . Artin and Tate [1] proved that if R 1 is Noetherian and if R 2 is finitely generated as a module over S, then S is finitely generated as a ring over R 1 . They used this to prove Hilbert's Nullstellensatz (cf. Zariski [3] , Kunz [2, Lemma 3.3] ).
It is natural to ask if every intermediate ring S is finitely generated as a ring over R 1 . The answer is "no," and the purpose of this note is to give simple combinatorial constructions of intermediate rings S that are not finitely generated over R 1 .
Let N denote the set of positive integers and N 0 the set of nonnegative integers.
Consider the set of monomials
Let R be a commutative ring, and let
and R[M (Λ)] is not finitely generated as a ring over R [x] .
For example, the set Λ 1 = {(1, n) : n ∈ N 0 } satisfies conditions (1) and (2) with λ = ∞, the corresponding set of monomials is ∞ n=−1 is the sequence of Fibonacci numbers with f −1 = 1, f 0 = 0, and f 1 = 1, then the set Λ 2 = {(f 2n−1 , f 2n ) : n ∈ N 0 } satisfies conditions (1) and (2) Note that inequalities (1) and (2) imply that the sets Λ and M (Λ) are infinite. If λ = ∞, then (1) implies (2) Proof. Because (1, 0) ∈ Λ, we have x ∈ M (Λ) and
Let F be a finite subset of R[M (Λ)]. For every polynomial f in F , there is a finite set M * (f ) of monomials in M (Λ) such that f is a linear combination of products of monomials in M * (f ). This set of monomials is not necessarily unique (for example, (xy)(xy 4 ) = (xy 2 )(xy 3 )), but we choose, for each polynomial f in F , one set M * (f ) of monomials in M (Λ) that generate f . Because F is a finite set of polynomials, the set
is a finite set of monomials in M (Λ). Moreover, f ∈ R[M * (F )] for all f ∈ F , and so
We shall prove that
Applying inequality (2) to the finite set M * (F ), we obtain β < λ.
. . , n and
It follows that
Condition ( 
